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Comparison of forest age estimators using k-tree, fixed-radius,
and variable-radius plot sampling
Brent D. Burch and Andrew J. Sánchez Meador

Abstract: Quantifying the age characteristics of a forest can provide valuable information about the forest’s impact on the
environment. For instance, the age of a forest can affect the ecosystem’s carbon exchange, soil enzyme activity, and biodiversity.
In this paper, we investigate the use of different sampling methods to estimate the age characteristics of three simulated
ponderosa pine (Pinus ponderosa Dougl. ex P. Lawson & C. Lawson) forests having different spatial and age patterns. This includes
estimating the mean tree age and the age-class distribution of the trees in the forest. The trees in the sample are selected using
k-tree sampling, fixed-radius plot sampling, or variable-radius plot sampling, and we compare the properties of the resulting
estimators via design-based and model-based approaches. Analyses of the different sampling methods applied to the three
forests suggest that the estimator associated with k-tree sampling, with the addition of a few extra trees per plot, is feasible for
forests having a spatially mosaic or random spatial pattern. The estimator associated with fixed-radius plot sampling performed
well for the forest having a clustered spatial pattern.

Key words: design-based inference, model-based inference, nearest neighbor sampling, mean tree age, tree age distribution.

Résumé : L’évaluation des caractéristiques d’âge d’une forêt peut fournir des informations précieuses sur l’impact que peut
avoir la forêt sur l’environnement. Par exemple, l’âge d’une forêt peut avoir un impact sur les échanges de carbone de
l’écosystème, l’activité enzymatique du sol et la biodiversité. Dans cet article, nous étudions l’utilisation de différentes méthodes
d’échantillonnage pour estimer les caractéristiques d’âge de trois forêts simulées de pin ponderosa (Pinus ponderosa Dougl. ex
P. Lawson & C. Lawson) avec des configurations spatiales et des distributions d’âges différentes. Cela comprend l’estimation de
l’âge moyen des arbres et l’estimation de la distribution des classes d’âge des arbres de la forêt. Les arbres de l’échantillon sont
sélectionnés en utilisant l’échantillonnage de k arbres voisins (k-arbre), l’échantillonnage par placette à rayon fixe ou
l’échantillonnage par placette à rayon variable. Nous comparons les propriétés des estimateurs qui en résultent par des ap-
proches fondées sur le plan d’expérience ou sur un modèle. L’analyse des différentes méthodes d’échantillonnage appliquées
aux trois forêts indique que l’estimateur associé à l’échantillonnage k-arbre, avec l’ajout de quelques arbres supplémentaires par
parcelle, est adéquat pour les forêts ayant une mosaïque spatiale ou une organisation spatiale aléatoire. L’estimateur associé à
l’échantillonnage par placette à rayon fixe s’est bien comporté pour la forêt avec une organisation spatiale en grappes. [Traduit
par la Rédaction]

Mots-clés : inférence fondée sur le plan d’expérience, inférence fondée sur un modèle, échantillonnage du plus proche voisin, âge
moyen des arbres, distribution des classes d’âge des arbres.

1. Introduction
Forests are in a constant state of change, and tree demograph-

ics, particularly age, can be used to assess forest dynamics and to
comprehend key forest processes and functions. For example,
Vilén et al. (2012) stated that patterns of net carbon exchange are
strongly affected by the age of a forest. Lucas-Borja et al. (2016)
investigated the effects of stand age on microbiological soil prop-
erties and concluded that stand age influenced differences in soil
attributes (e.g., pH, NH4

+, etc.). Lie et al. (2009) found that large,
old trees were conveyors of biodiversity in boreal forests. Rozas
(2015) analyzed tree age and size and intertree competition in a
dendroclimatic study involving individual-tree sensitivity to cli-
mate changes to provide insights into the effects of past manage-
ment history.

Determining the age characteristics of a forest, however, can be
a challenging task and is especially difficult to do in an unbiased
and yet highly efficient (i.e., cost- and time-effective) manner.

While commonly measured tree attributes such as diameter at
breast height (dbh; measured at 1.37 m above ground level), total
height, leaf area index, crown shape, and location can be easily
determined or estimated using field or remote sensing tech-
niques, the methods most commonly used for determining tree
age, and thus forest age, are quite limited. In some cases, the age
of young trees can be estimated by counting whorls; however, the
preferred field method of measuring tree age is by counting an-
nual growth rings obtained using an increment borer (Avery and
Burkhart 2002), and the most accurate method is dendrochrono-
logical crossdating of ring series (Stokes and Smiley 1996). In gen-
eral, coring every tree in a forest is not feasible, and in practice, a
sample of tree ages is obtained.

In the literature, numerous sampling methods have been used
to study a variety of forest structural and compositional attri-
butes, but few examine forest age via plot sampling and none
explicitly compares sampling designs and quality of estimators.
For example, Schreuder et al. (1987) compared three sampling
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methods to estimate stand parameters such as the total number of
trees and the average tree dbh in a simulation study of tropical
forests. Lessard et al. (1994) compared the statistical properties of
estimators (mean board foot volume per acre and basal area per
acre) obtained from distance sampling with point and plot sam-
pling. Furthermore, Binkley (2008) examined the age distribution
of aspen in Rocky Mountain National Park using a sampling ap-
proach that averaged variable-radius plot measurements located
along a plot perimeter to provide a single estimate associated with
each random plot, and Yocom-Kent et al. (2015) used k-tree to
estimate age attributes of mixed-conifer and aspen forests in the
North Rim area of Grand Canyon National Park, yet neither
study compared alternative plot designs or suggested alternative
methods.

In this paper, we estimate the ages of trees in a forest and
compare the properties of mean tree age and age-class distribu-
tion estimators using k-tree sampling, fixed-radius plot sampling,
and variable-radius plot sampling. Details concerning the formulaic
expressions of the estimators and a description of the underlying
sampling units are discussed. Both design-based and model-based
approaches are considered, and the bias and variance of the estima-
tors are used to measure the quality of the estimation techniques.
We examine the performance of these estimators in three simu-
lated ponderosa pine (Pinus ponderosa Dougl. ex P. Lawson & C.
Lawson) forests having various spatial and age patterns. In scenar-
ios where the overall cost of sampling is fixed, optimal values of k
are discussed.

2. Methods

2.1. Design-based sampling
Let N be the total number of plots in the forest. Furthermore, let

�ntrees denote the total number of trees in the forest so that
�ntrees/N is the number of trees per plot in the forest. For example,
a square grid of 2500 plots each of size 20 m × 20 m that covers a
100 ha forest of 30 000 trees results in 12 trees per plot. �ntrees/N
also represents the average the number of trees that must be aged
for each plot selected. Suppose that n plots are randomly selected
from the N plots available. Note that the actual plots used depend
on the sampling method employed and the aforementioned
square plots merely serve as a frame of reference. See Fig. 1 for
schematic diagrams of the three different plots considered in this
paper. The objective is to compare the estimators of forest age
characteristics using k-tree, fixed-radius plot, and variable-radius
plot sampling where each method is based on roughly n�ntrees/N
trees in the sample.

2.1.1. k-tree sampling
The k-nearest trees to the center of plot i are measured if plot i is

included in the sample. Using this nearest neighbor sampling
approach, the distance to the kth-nearest tree is used to form the
estimator of mean tree age. Equivalently, let Ai denote the effec-
tive area of plot i relative to the area of the forest under study with
a radius ri equal to the distance from the center of plot i to the
kth-nearest tree. Let Yij be the age of the jth-nearest tree to the
center of plot i, where j ≤ k. Then the ratio estimator of the mean
tree age is

(1) �̂1 �

c 1
n �

i�1

n
1
Ai
��

j�1

k

Yij�
c 1
n �

i�1

n
k
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�
i�1

n
1
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2��

j�1

k

Yij�
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i�1

n
1
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2

where n is the number of plots in the sample, c is a bias correction
term, and the constant k is determined in a manner that allows for
a fair comparison of the competing estimators of mean tree age.
For example, consider k = �ntrees/N, where �ntrees/N is rounded to
the nearest integer.

Let a denote a specific age-class and nclass denote the total
number of age classes. Then estimators of the proportion of trees
in age-class a using k-tree sampling are given by

(2) p̂1a �

�
i�1

n ��
j�1

k

Iij�
nk

, a � 1, ..., nclass

where Iij takes on the value 1 if the jth-nearest tree to the center of
plot i is in age-class a and 0 otherwise. Note that � a�1

nclass p̂1a � 1. As
an example, nclass = 14 if the width of an age-class is 25 years,
where 0 to 25 years represents the first age-class, and the age of
the youngest tree is 10 years and the age of the oldest tree is
340 years.

2.1.2. Fixed-radius plot sampling
The sampling units employed are circular where, for example,

each plot has a radius equal to �400/� ≈ 11.3 m in reference to a
100 ha forest. These 2500 circular plots overlay the forest, and a
simple random sample of n circular plots is obtained. If a specific
plot is included in the sample, then age measurements are made

Fig. 1. Schematic diagrams of the three plots associated with the sampling methods examined in this study: (a) k-tree, (b) fixed-radius, and
(c) variable-radius plot sampling designs. [Colour online.]
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on each tree in the plot. Let Yij denote the age of tree j in plot i. The
ratio estimator of the mean tree age is

(3) �̂2 �

N� 1
n �

i�1

n ��
j�1

Ni

Yij��
N� 1

n �
i�1

n

Ni� �

�
i�1

n ��
j�1

Ni

Yij�
�
i�1

n

Ni

where Ni is the number of trees in plot i. Unlike k-tree sampling,
the number of trees per plot in fixed-radius plot sampling is not
constant.

The estimator of the proportion of trees in age-class a, denoted
by p̂2a, is calculated in a similar manner as p̂1a, where, in this case,
Iij takes on the value 1 if tree j in plot i is in the age-class a and 0
otherwise. It follows that

(4) p̂2a �

�
i�1

n ��
j�1

Ni

Iij�
�
i�1

n

Ni

, a � 1, ..., nclass

2.1.3. Variable-radius plot sampling
A single-point sample is used for each plot, and a tree is counted

as being “in” or “out” depending on its size and distance from the
point based on a calibrated wedge prism. Trees were selected with
probability proportional to size so that the expected number of
“in” trees per prism point is �ntrees/N. In practice, a tree having dbh
is tallied as “in” if it is within dbh/�2�BAF	 metres of the prism
point, where BAF is the associated basal area factor. Let Yij denote
the age of the jth “in” tree with respect to prism point i. Then the
ratio estimator of the mean tree age is
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where n is the number of prism points (plots) in the sample, Ni
∗ is

the number of “in” trees with respect to prism point i, �ij is the
probability that tree j is “in” with respect to prism point i, and
dbhij is the dbh of tree j that is “in” with respect to prism point i.

Using this point sampling approach, the estimator of the pro-
portion of trees in age-class a, denoted by p̂3a, is calculated in a
similar manner as p̂1a and p̂2a, where, in this case, Iij takes on the
value 1 if the jth “in” tree with respect to prism point i is in
age-class a and 0 otherwise. Specifically,

(6) p̂3a �

�
i�1

n ��
j�1

Ni
∗

Iij�
�
i�1

n

Ni
∗

, a � 1, ..., nclass

Forest edge effects are accounted for by employing mirage
boundary corrections. See Gregoire (1982), Ducey et al. (2001), and
Lynch (2012) for details. Specifically, when tree boles were near
the forest boundary, these trees were replicated equidistance out-
side the boundary on a line perpendicular to the boundary. The

resulting mirage tree has the same characteristics as the actual
tree, and trees occurring in the corner plots of the forest region
have three mirage trees. The mirage boundary corrections are
made when computing the values of the estimators.

2.2. Simulated forests having various spatial and age
patterns

The availability of large, censused areas where tree spatial pat-
tern and age composition are known is extremely limited, and
nonexistent at the stand level (�50–100 ha). To explore the quality
of the three sampling methods at stand levels, simulated, single-
species forests were created using individual-tree segmentation
algorithms allied to subsets of research-grade airborne light de-
tection and ranging (LiDAR) acquisition data for 100 ha regions of
typical forest spatial pattern and tree age composition.

In brief, potential 100 ha sites were examined for which discrete
return airborne LiDAR data were acquired by Watershed Sciences
Inc. (current name: Quantum Spatial Inc.) between 2012–2016 us-
ing a Leica ALS50 Phase II and ALS60 laser systems mounted on
fixed-wing aircraft on National Forest System lands in northern
Arizona. Aircraft were flown at altitudes between 900 and 2000 m
above the ground following topography. Data were acquired us-
ing an opposing flight line side-lap of ≥50% and a sensor scan
angle ±14° from nadir. Average point densities (points·m−2) ranged
from 9.4 to 14.9. The vendor post-processed LiDAR data using
automated methods in proprietary software (TerraScan) coupled
with manual methods to identify ground points for development
of the digital terrain model (DTM) with vertical DTM accuracies of
approximately 15 cm at a 95% confidence level. LiDAR point cloud
data were normalized (i.e., converted from elevation to height
above the ground) and individual-tree location and size informa-
tion were obtained using the Li et al. (2012) individual-tree seg-
mentation algorithm using the lidR package (version 1.2.0;
Roussel and Auty 2017) in R (version 3.1.0; R Core Team 2017).

Because tree age data could not be obtained from the processed
LiDAR-derived tree lists, we developed and used a nonlinear re-
gression model of the form age = a(dbh)b�, with parameters a and
b and a multiplicative error term � to obtain estimates of tree age.
See Binkley (2008), Loewenstein et al. (2000), and Veblen (1986) for
additional examples of models of age–size relationships for vari-
ous tree species. The model was developed using ponderosa pine
tree size and age data collected by Sánchez Meador et al. (2010) on
the Coconino National Forest in the vicinity of Flagstaff, Arizona,
and the fitted equation agê � 10.40�dbh	0.66 was obtained for the
1589 trees in the study. Moreover, for a fixed value of dbh, we
assumed that age was gamma-distributed with mean 10.4(dbh)0.66

and standard deviation �10.4�dbh	0.66 and randomly generated
age estimates from the appropriate distribution. Figure 2 displays
the relationship between dbh and age for the 1589 trees, as well as
sample histograms for randomly generated age distributions at
fixed values of dbh.

The age–size model was then used to generate tree ages in
three forests having varying spatial patterns. Specifically,
age � Gamma(10.40, (dbh)0.66), where 10.40 is the rate parameter
and (dbh)0.66 is the scale parameter of the gamma distribution for
trees in spatially mosaic, random, and clustered forests. As dbh
increases, the model indicates that the variability in age also in-
creases. Figure 3 illustrates the resulting three simulated forest
conditions used in the study, which are described briefly in the
following sections.

2.2.1. Two-aged mosaic forest
The first simulated forest is generally composed of two age

cohorts — remnant older trees (150+ years old) and younger trees
originating after the Euro-American settlement (circa 1876; see
Savage et al. 1996) — in a spatially mosaic pattern. The site is
located on the Fort Valley Experimental Forest within the Co-
conino National Forest (35°15.94=N, 111°44.99=W). Pinus ponderosa is
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the only tree species on the site, and the understory vegetation is
predominantly perennial bunchgrasses. The site is centered on
the 2.59 ha study site that Sánchez Meador et al. (2009) used to
examine change in tree spatial pattern following selective harvest
and regeneration dynamics.

2.2.2. All-aged random forest
The second simulated forest represents a functioning, intact

ponderosa pine forest dominated by large, old trees with over 70%
of the trees predating the year 1800 in origin and 20% predating
1700. The site is located within Grand Canyon National Park
(36°16.36=N, 112°22.51=W) and is dominated by ponderosa pine
with Gambel oak (Quercus gambellii Nutt.) and New Mexican locust
(Robinia neomexicana Gray) trees occurring in drainages, and the
understory is dominated by forbs and perennial grasses. The site is
centered on the 315 ha study site that Fulé et al. (2003) used to
examine change in fire regimes and suggested that they may rep-
resent “nearly natural” conditions.

2.2.3. Young-aged clustered forest
The third and last simulated forest is dominated by younger

trees (<150 years old) in an aggregated or clustered spatial pattern,
composed of many small groups (<10 distinct tree groups of ap-
proximately 20 trees per group) with many scattered, randomly
arranged individuals throughout. The site is located on the North
Kaibab Ranger District of the Kaibab National Forest Valley Exper-
imental (36°31.85=N, 112°21.76=W) and consists of pure ponderosa
pine stands with scattered groups of Gambel oak and aspen
(Populus tremuloides Michx.) present but rare. The site is centered
within the 2000 ha study site that Tuten et al. (2015) used to assess
fine-scale forest spatial patterns and evaluate two common forest
restoration approaches.

3. Results

3.1. Simulation outcomes using the design-based approach
For each simulated forest, a simple random sample without

replacement of n plots (or units) is selected from the N = 2500
possible plots. Following the selection of plots, we compute �̂1 and

p̂1a, or �̂2 and p̂2a, or �̂3 and p̂3a using the methods described earlier.
For comparison purposes, we considered a sample of size n = 25
plots (or units) for each sampling method so that 1% of the plots
(and thus trees) are sampled. Although what constitutes a plot (or
unit) differs for the three sampling approaches, the total number
of trees sampled remained roughly constant.

In the two-aged mosaic forest, there are 21 285/2 500 = 8.51 trees
per plot, so roughly 8.51(25) ≈ 213 trees are measured using the
fixed-radius plot and variable-radius plot methods. Using k-tree
sampling with k = 9, 9(25) = 225 trees are measured. In the all-aged
random forest, there are 17 834/2 500 = 7.13 trees per plot, so
roughly 7.13(25) ≈ 178 trees are measured using the fixed-radius
plot and variable-radius plot methods. Using k-tree sampling with
k = 7, 7(25) = 175 trees are measured. In the young-aged clustered
forest, there are 56 782/2 500 = 22.71 trees per plot, so roughly
22.71(25) ≈ 568 trees are measured using the fixed-radius plot and
variable-radius plot methods. Using k-tree sampling with k = 23,
23(25) = 575 trees are measured.

For each simulated forest, the properties of the ratio estimators
of mean tree age, as well as the estimators of the age-class distri-
bution, were computed by repeating the sampling process
10 000 times. Because ratio estimators are not unbiased, both the
bias and standard deviation of the estimator are taken into con-
sideration when assessing the quality of the estimator. This is
accomplished by computing the square root of the mean square
error (MSE) of an estimator, which is defined as

(7) �MSE(�̂) � �Bias2(�̂) � Var(�̂)

For a ratio estimator, Bias2 is often small relative to its variance.
For unbiased estimators, �MSE��̂	 � �Var��̂	, which simplifies
to the standard deviation of the estimator.

3.1.1. Two-aged mosaic forest
Table 1 provides a summary of the bias, standard deviation,

and �MSE��̂	 of the ratio estimators of mean tree age. While
k = 9 for this forest, additional values of k are included to

Fig. 2. Modeled relationship between tree diameter at breast height (1.37 m above the ground) and age for 1589 ponderosa pine trees in northern
Arizona (from Sánchez Meador et al. 2010). The histograms provide pictorial summaries of randomly generated age estimates for a given size tree.
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Fig. 3. Simulated forest conditions in three case study forest types: (a) two-aged mosaic, (b) all-aged random, and (c) young-aged clustered.
Each forest represents varying spatial patterns, and the age and size distributions are shown with summary statistics (tree density, basal area,
mean tree diameter at breast height (dbh), mean tree age, and Clark and Evans’ (1954) R).
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determine when the k-tree sampling estimator is favored over
both of the other estimators. For instance, if k = 10, then

�MSE��̂1	 � �MSE��̂2	. Also from Table 1, it is evident that the
estimator based on variable-radius plot sampling exhibited a
greater degree of bias and variability than the other two estima-
tors. Both the numerator and denominator of �̂3 depend heavily
on dbh, and because the variation in dbh was relatively large, the
estimators in the numerator and denominator of �̂3 exhibited
large variances. This, in turn, resulted in a comparably large value
of �MSE��̂3	. Although �̂3 is often a viable estimator of tree char-
acteristics that depend on dbh2 such as basal area and volume, it
is not recommended for tree age studies where selection bias of
larger trees may result in an unintended bias in mean forest age
and corresponding age distribution estimates.

Figure 4 displays the estimators of the proportion of trees in
each age class (i.e., age distributions) using the three sampling
methods. Included in the displays are standard deviation bars for
each proportion, and the solid squares indicate the true values
(from the simulated forest) of the proportion of trees in each age
class. Plots of p̂1a, p̂2a, and p̂3a suggest that the k-tree and fixed-
radius plot sampling approaches resulted in estimators that ap-
proximately match the true age-class distribution. However, as
expected, the variable-radius plot approach drastically underesti-
mated the proportion of young trees and severely overestimated
the proportion of old trees. In other words, the plot of the mean
values of p̂3a for each age class, based on the 10 000 simulations,
was shifted to the right and thus did not coincide with the true
age-class distribution. The standard errors of the three estimators
of the age-class distribution appeared to be similar to one another
for each age class.

3.1.2. All-aged random forest
Table 1 provides a summary of the bias, standard deviation,

and �MSE��̂	 of the ratio estimators of mean tree age. While
k = 7 for this forest for all three sampling approaches to acq-
uire about the same number of trees, Table 1 indicates that

�MSE��̂1	 � �MSE��̂2	 when k = 9. As in the previous forest, �̂3
is not recommended when it comes to estimating mean tree
age. Figure 4 displays plots of p̂1a, p̂2a, and p̂3a, where the k-tree
and fixed-radius plot estimators of age-class distribution approx-
imately match the true age-class distribution, but p̂3a underesti-
mates the proportion of young trees and severely overestimates
the proportion of old trees.

3.1.3. Young-aged clustered forest
Table 1 provides a summary of the bias, standard deviation,

and �MSE��̂	 of the ratio estimators of mean tree age. While
k = 23 for this forest so that all three sampling methods have
about the same number of sampled trees, Table 1 indicates that

�MSE��̂1	 � �MSE��̂2	 occurs only when k ≥ 32. That is, at least
nine extra trees per plot must be obtained for the k-tree sam-
pling estimator to be competitive with the fixed-radius plot
estimator of mean tree age.

This may be viewed is an inordinate number of additional trees
per plot so that the k-tree sampling estimator may not be a viable
estimator in this case. Figure 4 containing plots of p̂1a, p̂2a, and p̂3a
confirms this result as well. Whereas p̂3a clearly underestimates
the proportion of young trees and severely overestimates the pro-
portion of old trees, p̂1a does so in a less severe manner. Only the
fixed-radius plot estimator of the age-class distribution appears to
be acceptable in this particular application.

3.2. Sampling outcomes using the model-based approach
Up to this point in the study, randomness was associated with a

design-based approach in which a simple random sample of n
plots were drawn without replacement from a total of N plots. In
this section, we present properties of the estimators resulting
from k-tree sampling and fixed-radius plot sampling under the
assumptions that Ni, ri, and Yij were random variables. Variable-
radius plot estimators of mean tree age and age-class distribution
were dismissed from further analyses as they exhibited undesir-
able properties.

Table 1. Properties of the k-tree (�̂1; using various values of k), fixed-radius (�̂2), and
variable-radius (�̂3) sampling estimators.

Estimator
Sampling
estimator

No. of trees
per plot Bias

Standard
deviation �MSE��̂	

Two-aged mosaic forest
�̂1 k-tree 9 −0.476 3.205 3.240
�̂1 k-tree 10 −0.455 3.052 3.085
�̂1 k-tree 11 −0.473 2.976 3.014
�̂1 k-tree 12 −0.397 2.876 2.903
�̂2 Fixed-radius 8.5* 0.177 3.190 3.195
�̂3 Variable-radius 8.5* 0.830 5.037 5.105

All-aged random forest
�̂1 k-tree 7 −1.573 4.620 4.880
�̂1 k-tree 8 −1.309 4.316 4.510
�̂1 k-tree 9 −1.056 4.119 4.252
�̂1 k-tree 10 −1.027 3.957 4.088
�̂2 Fixed-radius 7.1* −0.207 4.400 4.405
�̂3 Variable-radius 7.7* 6.010 11.333 12.828

Young-aged clustered forest
�̂1 k-tree 23 −0.744 4.406 4.469
�̂1 k-tree 31 −0.589 4.121 4.163
�̂1 k-tree 32 −0.553 4.077 4.115
�̂1 k-tree 33 −0.542 4.042 4.079
�̂2 Fixed-radius 22.7* 0.405 4.113 4.133
�̂3 Variable-radius 22.7* 1.285 7.231 7.344

Note: Bias, standard deviation, and �MSE��̂	 are measured in years. Results for the fixed-radius plot
sampling estimator �̂2 and the variable-radius plot estimator �̂3 are included for comparison purposes.
Calculations are based on 10 000 repeated samples of 25 plots from the three case study forest types.

*On average.
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Fig. 4. Values of the estimates of the proportion of trees in each age class for simulated forest conditions in three case study forest types
((a) two-aged mosaic, (b) all-aged random, and (c) young-aged clustered) using the three sampling methods. For each forest, the top panel is for
k-tree sampling, the center panel is for fixed-radius plot sampling, and the bottom panel is for variable-radius plot sampling. Dotted lines and
solid squares indicate the true values of the proportion of ponderosa pine trees in each age class. [Colour online.]
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Thompson (1956), Eberhardt (1967), and Lessard et al. (2002)
modeled Ni and ri as random quantities. Specifically, consider the

case in which Ni 

iid

Poisson��ntrees/N	. Equivalently, assume that

Ni 

iid

Poisson�106 	/N	, where 	 is the number of trees per square
metre. The aforementioned authors used the Poisson distribution
to model the locations of trees in a forest as having a random
spatial pattern. Based on the Poisson distribution assumption,

Thompson (1956) showed that 2�	ri
2 


iid

Gamma�k, 2	. If one also
considers the case in which Yij are independent and identically
distributed random variables with mean and variance given by �
and 
2, respectively, then it can be shown that

(8) E(�̂1) ≈ �

(9) Var(�̂1) ≈
k � 1

k(k � 2)

2

n

and

(10) E(�̂2) ≈ �

(11) Var(�̂2) ≈
N

�ntrees


2

n

when the sample size is large. See the Supplementary informa-
tion1 for details.

Based on these assumptions about the random variables Ni, ri,
and Yij, one may conclude that the ratio estimators �̂1 and �̂2 have
negligible biases. This theoretical result is consistent with the
simulation results in which �Var��̂	 ≈ �MSE��̂	. Furthermore,
the variances of �̂1 and �̂2 can be compared with one another
using the approximate results. For instance, if one selects k =
�ntrees/N trees per plot, then Var��̂1	 � Var��̂2	 and the fixed-radius
plot sampling estimator of mean tree age will be more precise. Alter-
natively, if the investigator favored k-nearest neighbor sampling over
the simple random sampling methods due to its ease of implemen-
tation, then a value of k greater than �ntrees/N should be considered.
Specifically, if one selects k to be the smallest integer satisfying k(k –
2)/(k – 1) > �ntrees/N, then the k-nearest trees distance sampling estima-
tor will be more precise. This value of k can be expressed as

(12) k � 1 � ceiling��ntrees

2N
� �1 � ��ntrees

2N
�2�

where ceiling(x) is the smallest integer greater than or equal to x. Of
course, more trees must be measured in k-tree sampling as compared
with fixed-radius plot sampling for the resulting estimators to have
comparable variances. These results correspond to those reported by
Lessard et al. (2002) when estimating tree density.

Eberhardt (1967) and Lessard et al. (2002) also considered the
scenario in which the negative binomial distribution was used to
model the locations of trees in a forest having a clustered or
aggregated spatial pattern. Specifically, suppose that Ni has a neg-
ative binomial distribution with probability of success equal to
(�ntrees/N)/(�ntrees/N + h), where h > 0. The parameter h (which
Eberhardt (1967) denotes as k) is called the constant of heteroge-
neity in which the trees become more clustered as h approaches 0
and the trees become more randomly spaced as h approaches ∞.
Using this model, it can be shown that Var��̂1	 ≤ Var��̂2	 when

(13) k � 1 � ceiling��ntrees

2N
(h � 1)

h
� �1 � ��ntrees

2N
(h � 1)

h
�2

An estimate of h, denoted by ĥ, can be obtained by solving

(14) ĥ �
(�ntrees/N)2

Var̂(Ni) � �ntrees/N

Incorporating spatial autocorrelation of the Yijs in the model-
based approach can also be accomplished. For simplicity, suppose
that the covariance between Yijs in the same plot is constant and
Cov(Yij, Yi’j) = 0, i ≠ i=, so that the covariance between Yijs in differ-
ent plots is 0. In this manner, the model suggests that any pair of
responses taken from the same plot would be equicorrelated and
any pair of responses taken from different plots would be uncor-
related. Let  denote the intraplot correlation coefficient of the Yijs
and suppose that  > 0; then it can be shown that Var��̂1	 ≤
Var��̂2	 when

(15) k � 1 � ceiling��ntrees

2N
(h � 1)

h

� �1 � ��ntrees

2N
(h � 1)

h
�2

�
�ntrees

N
(h � 1)

h


In the extreme case in which  = 1, the k-tree sampling estimator
of � outperforms the fixed-radius plot sampling estimator of �
when k = 2 + ceiling[(�ntrees/N)(h + 1)/h]. For the three forests under
consideration, the last column of Table 2 displays the values of k
required so that the k-tree sampling estimator is more precise
than the fixed-area plot estimator of mean tree age based on the
formula k = 2 + ceiling[(�ntrees/N)(h + 1)/h]. It is interesting to note
that the theoretical results using the model-based approach are
similar to those of the simulation results discussed earlier.

Figure 5 displays the general relationship between h and k,
when  = 1, for which the k-tree sampling estimator competes
favorably with the fixed-area plot estimator for the three forest types
under consideration. Note that k approaches 2 + ceiling(�ntrees/N) as h
approaches ∞ and k is unbounded as h approaches 0. Thus k-tree sam-
pling results in a viable estimator when the value of h is along the
horizontal asymptote associated with each forest type.

4. Discussion
The actual value of k employed in a particular study is under the

purview of the investigator. For the simulated forests in this pa-
per, we used k = 7, 9, and 23 trees per plot and focused on com-
paring three sampling methods rather than selecting an optimal
value of k. In forest inventory applications, k = 6 appears to be a
popular choice based on bias and root mean square error criteria.
See Magnussen et al. (2008), Kleinn and Vilčko (2006), and Prodan
(1968) for more details. When estimating the density of a popula-

1Supplementary information is available with the article through the journal Web site at http://nrcresearchpress.com/doi/suppl/10.1139/cjfr-2018-0098.

Table 2. Model-based sampling results where the value of k for which
the k-tree sampling estimator is more precise than the fixed-area plot
estimator of mean tree age for the three simulated forest conditions.

Forest �ntrees/N ĥ
k � 2 �

ceiling���ntrees/N	�h � 1	/h�

Two-aged mosaic 8.5 269.6 11
All-aged random 7.1 16.8 10
Two-aged clustered 22.7 2.1 36
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tion of trees, Kronenfeld (2009) suggests that a good sampling
strategy is to select 5 or more trees at each of between 20 and 40
plots. Recently, studies using k-tree sampling to estimate tree and
stand age have become more prevalent in the literature and re-
ported values of k range from k = 10 (Yocom-Kent et al. 2015) to k =
30 (Brown 2006; Brown and Wu 2005; Brown et al. 2008).

In many applications, the overall cost of the study is fixed and
the investigator must decide on the values of n and k. A cost
function for this scenario (see Thompson (2012), p. 178) is

(16) C � c0 � c1n � c2nk

where C is the overall cost, c0 is a constant overhead cost, c1 is the
cost per plot, and c2 is the cost per individual tree within a plot.
The overhead cost includes planning and administrative activities
that are not directly related to the sampling process. The cost per
plot includes the cost of locating and traveling to the plot, as well
as the cost of enumerating the trees in the plot. The cost per tree
pertains to the work required to measure the age of the tree. For
k-tree sampling, holding both the cost function and the heteroge-
neity parameter h constant, the variance of the estimator of mean
tree age is related to k in the following manner

(17) Var(�̂1) �
k � 1

k(k � 2)
(c1 � c2k)[1 � (k � 1)]

In other words, for a fixed overall cost of sampling from a forest,
the precision of the k-tree sampling estimator of the mean tree age
depends on the value of k and the intraplot correlation coefficient
. Furthermore, the optimal choice of k depends on the value of .
In general, the value of k that minimizes Var��̂1	 decreases as 
increases. For example, in the scenario in which c1 = c2 = 1, if  =
0.01, then one would choose k = 16, whereas if  = 1.0, then one
would select the smaller value k = 4.

Sampling costs are also important to consider when selecting a
particular sampling method. For instance, if the respective costs
c0, c1, and c2 involved in k-tree sampling and fixed-radius plot
sampling are equal and there is no prior information about the
age and spatial configuration of the trees in the forest, then fixed-
radius plot sampling is preferred because it yields an estimator
that has greater precision. However, fixed-radius plot sampling
may incur additional costs per plot because the number and loca-
tion of all of the trees in the plot must be determined. In other
words, if the plot-level costs of fixed-radius plot sampling are large
compared with the plot-level costs of k-tree sampling, then k-tree
sampling may be advisable even though more trees must be mea-
sured to attain the same precision.

5. Summary
In this study, we considered different sampling methods used

to estimate the age characteristics of a forest. Trees in the forest
were sampled using k-tree sampling, fixed-radius plot sampling,
or variable-radius plot sampling. While tree attributes such as
location and dbh can be easily obtained on the ground or esti-
mated via remote sensing methods, obtaining quality tree age
measurements requires one to core a tree. Auxiliary information
such as the number of trees per plot, the distance that trees are
from plot center, and the dbh of trees were used to form ratio
estimators.

The properties of the estimators were examined using design-
based and model-based approaches, both of which suggest that
the estimator associated with the k-tree sampling method may be
preferred if a few extra trees per plot can be acquired for forests
having spatially mosaic or random spatial patterns. The estimator
based on fixed-radius plot sampling outperformed the other two
estimators for the forest having a clustered spatial pattern. The
spatial pattern of the trees, as determined by the heterogeneity
parameter h, was shown to influence the final choice of k in the
k-tree sampling method. Furthermore, when holding sampling
costs fixed, the intraplot correlation coefficient of trees ages  had
an impact on the selection of k.

As expected, estimators of mean tree age and age-class distribu-
tion based on variable-radius plot sampling did not fare well for
our simulated ponderosa pine forest applications. Specifically, �̂3
exhibited a noticeable bias and the standard error of �̂3 was large
compared with the standard error of the other estimators. Fur-
thermore, the variable-radius plot sampling strategy underesti-
mated the proportion of younger trees and overestimated the
proportion of older trees for our forest. The poor performance of
the variable-radius plot sampling method may be rooted in the
fact that the coefficient of variation of the ponderosa pine tree
dbh was rather large. Variable-radius plot sampling estimators of
tree age may perform better in applications where the observed
coefficient of variation of dbh is small.

While the design-based and model-based methods corroborated
one another in terms of the describing the properties of the esti-
mators, further investigations should consider other forest types
and structures. In the end, the decision to use the k-tree sampling
method for a particular application may depend on a combination
of its statistical properties, ease of implementation, and overall
cost. This decision is an important one as estimating tree and
forest age is instrumental to understanding forest structure and
function and important when evaluating management actions.
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Fig. 5. Relationship between h, the heterogeneity parameter of the
spatial pattern of trees, and the value of k for which the k-tree
sampling estimator compares favorably with the fixed-area plot
estimator in the three case study forest types: (a) two-aged mosaic,
(b) all-aged random, and (c) young-aged clustered.
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